
ALGEBRAIC STRUCTURES ON 
THE FUZZY INTERVAL [0, 1) 











Algebraic Structures on 
the Fuzzy Interval [0, 1) 



W. B. Vasantha Kandasamy 
Florentin Smarandache 



Educational Publisher Inc. 
Ohio 
2014 




This book can be ordered from: 



Education Publisher Inc. 
1313 Chesapeake Ave. 
Columbus, Ohio 43212, 
USA 

Toll Free: 1-866-880-5373 



Copyright 20 14 by Educational Publisher Inc. and the Authors 



Peer reviewers: 

Dr. Christopher Dyer, University of New Mexico, Gallup, USA. 
Prof. Jason Dyer, Tucson, Arizona, USA. 

Scientist Liviu Ardeias, Schelklingen, Germany. 



Many books can be downloaded from the following 
Digital Library of Science: 

http://www.gallup.unm.edu/eBooks-otherfomiats.htm 



ISBN-13: 978-1-59973-259-6 
EAN: 9781599732596 



Printed in the United States of America 



2 



CONTENTS 

Preface 5 

Chapter One 

LIVnOXOlON 7 

Chapter Two 

SEMGRDUP AND GROUP SIRUCTUHES 

ONTHE SPECIAL FUZZY INTERVAL [0, 1) 9 

Chapter Three 

SEMRLNGS AND PSEUDO KINGS USING [0, 1) 105 

Chapter Four 

SUGGESTED PRDBLBVB 227 



3 




FURTHER KEATING 



247 



INDEX 


248 


ABOUT THE AUTHORS 


250 



4 




PREFACE 



In this book we introduce several algebraic structures on the 
special fuzzy interval [0, 1). This study is different from that of 
the algebraic structures using the interval [0, n) n ^ 1 , as these 
structures on [0, 1) has no idempotents or zero divisors under x. 
Further [0, 1) under product x is only a semigroup. However by 
defining min(or max) operation in [0, 1); [0, 1) is made into a 
semigroup. 

The semigroup under x has no finite subsemigroups but 
under min or max we have subsemigroups of order one, two and 
so on. [0, 1) under + modulo 1 is a group and [0, 1) has finite 
subgroups. 

We study [0, 1) with two binary operations min and max 
resulting in semiring of infinite order. This has no subsemirings 
which is both an ideal and a filter. However pseudo semiring 
under min and x has subsemirings which is both a filter and an 
ideal. Construction and study of pseudo rings on [0, 1) is 
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interesting as distributive law is not true. Study of algebraic 
structures on the fuzzy interval [0, 1) is innovative and 
interesting. 



We wish to acknowledge Dr. K Kandasamy for his 
sustained support and encouragement in the writing of this 
book. 



W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
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Chapter One 



INTRODUCTION 



In this book, we for the first time introduce a new type of 
special fuzzy set algebraic structures using [0,1). These new 
structures are of infinite cardinality and enjoy special features. 

To make this book a self contained one we give the 
references of the books used in this study. For semigroups refer 
[6]. Further the notion of group semirings and semigroup 
semirings are used in later chapter of this book. Please refer [6, 

7]. 



We use also the concept of special fuzzy set pseudo 
grouprings and special fuzzy set pseudo semigroup rings. 

In this book S = {[0,1), min, max} is a semiring of infinite 
order. 

R = {[0, 1), +, x} is a pseudo special fuzzy ring of infinite 
order as (a + b) c * ac + be in general for a, b, c e [0, 1). 
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S is known (defined) as the special fuzzy set pseudo 
semiring if min and x operation is used and R will be known as 
the special fuzzy set pseudo ring. 

However S is not a special integral domain for take 
(0.7 + 0.3) 0.2 = (0.14 + 0.06) = 0.20. 

Now (0.7 + 0.3) 0.2 = 1 x 0.2 = 0. So (a + b) c * ac + be in 
general for a, b, c e [0, 1). 

Study in this direction is carried out in this book. The study 
of algebraic structures using [0, n), n ^ 1 and greater than one 
has been systematically developed in [8]. When n = lwe call the 
new algebraic structure as special fuzzy algebraic structures 
such as special fuzzy or special fuzzy groups under *+’ and so 
on. 

The special feature is these S = {[0, 1), + x} is a special 
pseudo fuzzy set which has no zero divisors and these rings 
donot satisfy the distributive laws. 




Chapter Two 



Semigroup and Group 

SmUCTIJRES ONTHE 
Special Fuzzy Interval [0, 1) 



In the first place we wish to state that the interval [0,1) contains 
all elements on the continuous interval 0 to 1 excluding 1. Thus 
[0, 1) has infinite number of elements in it. We give on [0, 1) 
two algebraic structures and then study them. 

We call this fuzzy interval [0, 1) or any section of it as a 
special fuzzy interval. 

We see [0, 1) under usual product is a semigroup. Further 
[0, 1) under product is never a group as no element x in [0, 1) is 
a multiplicative identity; hence cannot have the concept of x 
inverse for any element x in [0, 1) as 1 g [0, 1). 

DEFINITION 2.1: Let M = {[0, 1), x} be the semigroup. M is 
defined as the special fuzzy set semigroup under x. 

Example 2.1: Let M = {[0, 1), x} be the special fuzzy set 
semigroup. 
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For x = 0.5 and y = 0.2 in M we see x x y = 0.10 and for 
Xi = 0.9 and yi = 0.7 in M we have Xi x yj = 0.63 and so on. 

Take P 2 = {0, V4, 1/2 2 , ..., l/2 n ; n -> oo} c [0. 1). 

P 2 under product x is a special fuzzy set subsemigroup of 
M. 



Infact M has infinite number of special fuzzy set 
subsemigroups and each is of infinite order. 

P m = {0, 1/m, 1/m 2 , ..., l/m n ; n — > go} c [0, 1) is a special 
fuzzy set subsemigroup form e N \ {0,1}. 

This is not only the way special fuzzy set subsemigroups 
can be got. 

We can have other ways of finding them. 

Example 2.2: Let M = {[0, 1), x} be the special fuzzy set 
semigroup. Now take P = {[0, 0.07), x} c M; P is again a 
special fuzzy set subsemigroup of M. 

We can have any P, = {[0 j/i] I j < i, i, j positive numbers 
i^0orl,j^0}czM leads to special fuzzy set subsemigroup. 

Infact M has infinite number of such special fuzzy set 
subsemigroups and each P ; is of infinite order. Further if i = 1 
we do not get Pi as we cannot find a j with j < i, so only we 
avoid i = 1 . 

It is important to observe that the special fuzzy set 
subsemigroups in example 2.1 is different from those special 
fuzzy set subsemigroups given in example 2.2. 

The differences are very obvious for in example 2.1 the 
elements are discrete as elements of a special fuzzy set 
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subsemigroup and that of the subsemigroups in example 2.2 are 
continuous subintervals in [0, 1). 

Example 2.3: Let M = {[0, 1), x} be a special fuzzy set subset 
semigroup. 

Let P = {0, 3/5, (3/5) 2 , (3/5) n as n — » co} c M be a 

special fuzzy set subsemigroup of M. 

Take B = {0, 2/7, (2/7) 2 , ..., (2/7) n as n — » co} c: M to be a 
special fuzzy set subsemigroup of M. 

Example 2.4: Let W = {[0, 1), x} be the special set fuzzy 
semigroup. 

T = {0, 2/11, (2/1 1) 2 , (2/1 1) 3 , ..., (2/1 l) n as n — > co } c W be 
the special fuzzy set subsemigroup of W. 

V = {[0.03]} cWisa fuzzy set special subsemigroup of 
W. V is continuous and not discrete like T. 

Thus we have two types of special fuzzy set subsemigroups. 

Can these special fuzzy set subsemigroups be special fuzzy 
set ideals of the special fuzzy set semigroup? 

The answer is no in general. 

The following examples prove our claim. 

Example 2.5: Let M = {[0, 1), x} be the special fuzzy set 
semigroup. 

P = {0, 1/5, 1/5 2 , 1/5 3 , ...} is the special fuzzy set 
subsemigroup of M. 



We see P is not a special fuzzy set ideal of M. 
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For 3/7 e M , 3/7 x 1/5 = 3/35 g P, so P is not a special 
fuzzy set ideal only a subsemigroup of M. 

Let T = {[0, 0.3]} c M be the special fuzzy set 
subsemigroup of M. Clearly T is a special fuzzy set ideal of M. 

For one of the largest elements in M say M = (9.999999) 
and y = 0.3 we have x.y e T. 

Thus some closed intervals can be taken as special fuzzy set 
subsemigroup which also happens to be a special fuzzy set ideal 
of M. 

Example 2.6: Let M = {[0, 1), xj be a special fuzzy set 
semigroup. 

P = (0.2, 0.4) is not a subset fuzzy set subsemigroup of M. 

For 0.2 x 0.2 = 0.04 g P so the very closure axiom is not 
true. 

Flence the claim. Pi = (0.61, 0.9) is not a subset fuzzy set 
subsemigroup of M. 

For 0.7 and 0.63 e Pj we see 0.63 x 0.7 = 0.441 g P! so P! 
is not a fuzzy set subsemigroup of M. 

Inview of this we have the following theorem. 

THEOREM 2.1: Let M = {[0, 1), xj be the special fuzzy set 
semigroup. 

(i) Only intervals of the form P = {[0, a) I a < 1} cM are 
special fuzzy set subsemigroups. 

(ii) An interval of the form (a, b) cz [0, 1); 0 < a can never 
be a special fuzzy set subsemigroup of M. 

The proof is direct and hence left as an exercise to the 
reader. 
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Example 2.7: Let M = {[0, 1), x] be a special fuzzy set 

semigroup. 

P = {[0, 0.7), x} c M is a special set fuzzy subsemigroup 
of M. Clearly P is also a special fuzzy set ideal of M. 

We see if T = {[0, 0.3), x) cMis again a special fuzzy set 
ideal of M then TnP = T that is T is contained in P as ideal. 

However if W = {0, 1/2, 1/2 2 , ..., l/2 n , . .., n — > go} and 
L = {0, 2/7, 2 2 /7 7 , ..., (2/7) n , ...} be the two special fuzzy set 
subsemigroups of M. 

We see W n L = {0} and WuLis not a special fuzzy set 
subsemigroup of M. However W u L can generate a special 
fuzzy set subsemigroup of M. 

Example 2.8: Let M = {[0, 1), x} be the special fuzzy set 
semigroup. We see P ; = {[0, pO, xj c M are special fuzzy set 
subsemigroups of M, where 0 < pj < p 2 < P 3 < P 4 < ... < p n . . . < 
1 . 



Hence {0} c Pi c P 2 c P 3 c ... c P n c ... ci M. So these 
collection forms an infinite chain of special fuzzy set ideals of 
M. 



However all special fuzzy set subsemigroups of M do not 
form a chain of this type. 

For take 

Vi = {0, 1/2, (1/2) 2 , ..., (l/2) n , ..., oo}, 

V 2 = {0, 1/3, (1/3) 2 , ..., (l/3) n , ..., oo}, 

V 3 = {0, 1/5, (1/5) 2 , ..., (l/5) n , ..., oo}, 

V 4 = {0, 3/4, (3/4) 2 , ..., (3/4) n , ..., oo} and so on be special 
fuzzy set subsemigroups of M. 

We see these are not comparable in general. Further V, n 
Vj = {0} we do not even have any common elements. 
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However consider the special fuzzy set subsemigroup Vp 
let W, = {0, (1/2) 2 , (1/2) 4 , (1/2) 6 (l/2) 2n , ...} c V ls W, is a 

special fuzzy set subsemigroup of and infact also a special 
fuzzy set subsemigroup of the special fuzzy set subsemigroup 
Vl 



Let us denote by 

W 2 = {0, (1/2) 3 , (1/2) 6 , (1/2) 9 , (l/2) 3n , ...}, 

w 3 = {0, (1/2) 4 , (1/2) 8 , (1/2) 12 , (l/2) 4n , ...}, 

W 4 = {0, (1/2) 5 , (1/2) 10 , (1/2) 15 , (l/2) 5n , ...}; 

w 5 = {0, (1/2) 6 , (1/2) 12 , (1/2) 18 , (l/2) 6n , ...} and so on. 



Wi g W 2 and W 2 gt W| however Wi n W 2 & {0}. 



We see these Wj’s as special fuzzy set subsubsemigroups of 
W 



Also Wi is a special fuzzy set subideal over the special 
fuzzy set sub subsemigroups Wj. 

For we have if x e Wi and y e W; then xy e Wi (i ^ 1); 
however xy g Wi (i 1) for all x e Wi and y e W ; ; (i = 3, 5, 7, 
...). 



Similarly if T, = {0. (1/3), (1/3) 2 , (l/3) n , ...} cM; T t is a 

special fuzzy set subsemigroup of M and not a special fuzzy set 
ideal of M, however Ti is a special fuzzy set subideal of M over 
Ti (i * 1). 

T i ={0,(l/3) i ,(l/3f, ...}i*l,i = 2,3, .... 

We see Ti is a special fuzzy set subideal of M over infinite 
number of special fuzzy set subsemigroups of M. 

Also each Ti cz Ti (i ^ 1). Thus though the discrete special 

* 

fuzzy set subsemigroups are not special fuzzy set ideals of M 
still they are special fuzzy set subideals over appropriate special 
fuzzy set subsemigroups of M. 
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Let B, = {0, 1/19, (1/19) 2 , (l/19) n , ...} c M. B, is only 

a special fuzzy set subsemigroup of M; however B, is not a 
special fuzzy set ideal of M. 

B, - {0, (1/19)\ (l/19) 2i , (1/19) 31 , (l/19) m , . . . } cB, is 

a special fuzzy set subsemigroups of M. i = 2, 3, Bi is a 
special fuzzy set subideal of M over the special fuzzy set 
subsemigroups Bj of B,. 

C 1= {0, 12/21, (12/21) 2 , (12/21) 3 , (12/21) n , ,..}cM.C, 

is a special fuzzy set subsemigroup of M. 

C 2 = {0, (12/2 1) 2 , (12/21) 4 , (12/21) 6 , (12/21) 2 ", ...} c 

Ci. C 2 is a special fuzzy set subsemigroup of M. 

C 2 is a special fuzzy set subsubsemigroup of C| c M. Q is 
a special fuzzy set subideal of C 2 cr M. 

Example 2.9: Let M = {[0, 1), x] be a special fuzzy set 

semigroup. 

We see given any discrete special fuzzy set subsemigroup 
Pi then Pi is a special fuzzy set subideal over special fuzzy set 
sub subsemigroups of Pi. 

Infact any P n can be realized as a special fuzzy set subideal 
over a special fuzzy set sub subsemigroup of M. 

Infact P n is a special fuzzy set subideal over infinite number 
of special fuzzy set sub subsemigroups. 

THEOREM 2.2: The special fuzzy set semigroup M = {[0, 1), xj 
is never a monoid. 



Proof is direct as the multiplicative identity 1 g [0, 1). 
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THEOREM 2.3: The special flizzy set semigroup M = {[0, 1), xj 
has infinite number of special fuzzy set subsemigroups which 
are not special fuzzy set ideals. 

Can be proved by examples by the interested reader. 

THEOREM 2.4: The special fuzzy set subsemigroup M = {[0, 1), 
xj has infinite number of special fizzy set subsemigroups which 
are special fuzzy set ideals. 

Left as an exercise for the reader to prove. 

THEOREM 2.5: The special fuzzy set semigroup M - ([0, 1), xj 
has infinite number of special fuzzy set subideals over infinite 
number of special fuzzy set sub subsemigroups of M. 

The proof is direct as evident from the examples given. 

THEOREM 2.6: The special fuzzy set semigroup M = ([0, 1), xj 
has no nontrivial special fuzzy set subsemigroup of finite order. 

Now having seen some of the properties of these 
substructures we proceed onto define the notion of special 
cyclic fuzzy set subsemigroups of M = {[0, 1), x}. 

DEFINITION 2.2: Let M - {[0, 1), xj be a special fuzzy set 
semigroup. P cr M be a proper special fizzy set subsemigroup 
of M. We say P is special fuzzy set cyclic subsemigroup; if P is 
generated by a single element. 

We define for (p/q) n e M (p < q); 

if n — > oo (p/q) n — >0 and define this as fuzzy set special 
convergence in M. 

We give examples of them. 

Example 2.10: Let M = {[0, 1), x} be the special fuzzy set 
semigroup. 




